Abstract-In this paper, we propose a robust fractional-order proportional-integral (FOPI) observer for the synchronization of nonlinear fractional-order chaotic systems. The convergence of the observer is proved, and sufficient conditions are derived in terms of linear matrix inequalities (LMIs) approach by using an indirect Lyapunov method. The proposed FOPI observer is robust against Lipschitz additive nonlinear uncertainty. It is also compared to the fractional-order proportional (FOP) observer and its performance is illustrated through simulations done on the fractional-order chaotic Lorenz system. Index Terms-Chaos synchronization, fractional-order chaotic systems, indirect Lyapunov approach, linear matrix inequality (LMI), robust proportional-integral observer design.
I. INTRODUCTION
F RACTIONAL calculus has gained significant attention in various application fields in engineering and science. Thanks to their non-local properties, fractional-order derivatives provide a more appropriate tool for modeling complex phenomena.
The study of the synchronization problem for nonlinear systems has been very important from nonlinear sciences point of view, in particular the applications to secure data transmission, biology, cryptography etc. [1] . Synchronization of chaos occurs in a process wherein two chaotic systems either equivalent or non equivalent have a common behavior due to coupling or forcing of some properties of their motion [1] . The chaos synchronization problem can be regarded as an observer design procedure, where the coupling signal is viewed as output and the response system as an observer [2] − [5] . Fractional differentiation order has a direct effect on the chaotic behavior of nonlinear dynamical systems and on the synchronization process. Indeed the synchronization error decreases as the differentiation order increases [6] . In the same context, a recent study has shown that the control and synchronization are easier with low order fractional systems [1] , [7] . A similar result is reported in [8] , which indicates that smaller the fractional-order is, better is the synchronization. Different synchronization methods exist for both integer-order systems and fractional order systems (see for examples, [9] and [10] ). Among these methods proposed for integer-order systems are the observers, used usually for state estimation and which have been proposed as an efficient tool for synchronization for example in [3] , [11] , [12] . Various control schemes for fractional-order chaotic systems have been intensively studied, unfortunately research on the control and synchronization of fractional-order chaotic systems using proportional-integral (PI) observer have not been yet investigated. A PI observer is an observer with an integrating effect which takes care of the asymptotic time behavior [13] . PI observers have several attractive features compared to proportional action and combined with fractional-order they allow more flexibilities via selection of the order. In general, a PI observer allows good time recovery at low frequencies whereas the usual proportional (P) observer allows good recovery only in the limit at low frequencies [13] . The main advantage of describing system in fractional-order than normal one in term of observer design is its additional degree of freedom that helps in improving the synchronization errors performance. It is interesting to find that the fractionalorder derivatives and the PI observer gains can be well chosen appropriately to adjust the synchronization effect. The proposed fractional-order PI observer can be applied to a wide class of chaotic fractional systems and it may also enhance security in communication and chaotic encryption schemes due to its complexity.
We propose to extend the idea of observer-based synchronization to fractional chaotic systems. In this context, we propose a robust fractional-order proportional integral (FOPI) observer for a class of nonlinear fractional-order chaotic systems which provides very interesting flexibility and robustness properties with respect to perturbations. The proposed observer uses both proportional and integral corrections allowing for better robustness properties. The design of the observer and its proof of convergence rely on a frequency distributed fractional integrator equivalent model which allows the use of Lyapunov method [14] . This approach has been successfully used in several cases including the adaptive parameter estimation problems for some classes of linear fractional-order processes [15] and the observer design for fractional-order nonlinear systems [16] − [18] . However, few studies have addressed robust observer design for fractional-order systems. The convergence of the proposed observer is studied using linear matrix inequalities based on Lyapunov approach. We show that the FOPI observer allows the attenuation of modeling uncertainties and noisy measurements. A comparison of the proposed FOPI observer to the fractional-order proportional (FOP) observer is also studied via simulation examples. This paper is organized as Follows. In Section II, some preliminary results are presented. In Section III, the problem is formulated. In Section IV, the main results are derived, and then sufficient conditions for the asymptotic stability of the fractional-order observer error dynamics are derived in terms of linear matrix inequalities (LMIs). The robustness analysis against nonlinear uncertainty in which an explicit tolerable bound is derived, is performed in Section V. In Section VI, an example is presented to illustrate the proposed results. Finally, some conclusions are drawn in Section VII.
Notations: M T is the transpose of M and D α represents initialized α th order differintegration. In symmetric block matrices, the operator · represents a term induced by symmetry.
II. PRELIMINARIES
In this section, we present some basic definitions and properties of the fractional integration and differentiation. Fractional-order integration and differentiation are the generalization of their integer-order counterparts. Traditional integerorder definitions have been extended to the fractional cases leading to different definitions [19] , [20] . One of the primary functions of fractional calculus is Euler's gamma function defined by the integral
which converges in the right half of the complex plane, i.e Re(z) > 0. The definition of fractional integral of continuous function f (t) with respect to t and the terminal value t 0 is given by [19] t0 D
where Γ(.) is the well-known Gamma function which is defined in (1). The Riemann-Liouville derivative is defined by [19] 
where n ∈ Z + and D n is the classical n-th order derivative. A fractional-order system can be represented by an infinitedimensional system generally called "diffusive representations" [21] − [24] . In the following we recall briefly a continuous frequency distributed representation of a fractionalorder system. Other equivalent representations can be used as described in [23] .
Let h(t) be the impulse response of a linear system. The diffusive representation (or frequency weighting function) of h(t) is called µ(ω) with the following relation [14] 
where ω is the elementary frequency. The fractional order integral operator t0 D −α t f (t) can be written as [14] 
where * denotes the convolution operator and h(t) = t
while the diffusive representation of h(t) is defined as
In the rest of this paper, D α is used to denote the RiemannLiouville fractional derivative of order α.
Lemma 1: The fractional-order nonlinear differential equation [14] , [23] 
due to the continuous frequency distributed model of the fractional integrator, can be written as
where z(ω, t) is the infinite dimensional distributed state variable and µ(ω) is defined in (6) . An approximation has been proposed to avoid the infinite dimensional nature of the diffusive representation where the frequency domain is truncated to be limited [23] . In the following, we recall this approximation briefly, more details on the convergence and the procedure of the approximation can be found in [23] . Consider a finite network of N frequency points :
where N is the number of approximation nodes. An approximation of the state z(ω, t) denoted asz(ω, t) is given via the interpolating functions ψ i as follows:
where z(ω i , t) is the real state at frequency ω i and
The approximation of the pseudo-state x(t) is given bȳ
The accuracy of this approximation depends on the choice of the interpolation functions and the sampling frequencies. An appropriate choice of ψ i (ω) and for an admissible input f ,z(ω, t) andx(t) converge to z(ω, t) and x(t) respectively [23] .
III. PROBLEM FORMULATION
Consider the following nonlinear fractional-order system with external disturbances
where x(t) ∈ R n is the pseudo-state vector, u(t) ∈ R m is the control input, y(t) ∈ R p is the measurable output and
. . , α n are the fractional orders for 0 < α < 1. An interesting situation is when α 1 = α 2 = · · · = α n and in this case system (11) is called commensurate system, otherwise it is non-commensurate system.
For the rest of the paper, we consider the following assumption, Assumption 1: The nonlinear fractional-order system (11) satisfies the following conditions.
1) The nonlinear vector function Φ(x(t), u(t)) is assumed to be Lipschitz with respect to x, uniformly in u and Φ(0, u * ) = 0 for all admissible control signal u * , i.e
where λ 1 is a Lipschitz constant.
2) The matrix pair (C, A) is observable and the triplet (A, F, C) is minimum phase [25] , [26] i.e. ∀ σ ∈ C, i = 1, . . . , n,
The following lemma proved in [27] will be used in the next section.
Lemma 2 [27] : For any matrices X and Y with appropriate dimensions, we have for any δ > 0
IV. ROBUST FOPI OBSERVER DESIGN
In this section, sufficient conditions for the convergence of the FOPI observer are derived in terms of LMIs formulation. The controller gains are determined from feasible solutions of the LMI.
We consider the nonlinear fractional-order proportionalintegral observer in the following form:
n is the estimated state vector, L and K are the proportional and the integral observer gains, respectively. The additional state vector ξ(t) ∈ R m is the filtered output observer-based synchronization error and matrices T and H are unknown matrices of appropriate dimensions, which must be determined such thatx(t) asymptotically converges to x(t).
The fractional-order observer error dynamic equation is given by
(t) =Ãe(t)+Φ(x(t), u(t))−Φ(x(t), u(t))−Kξ(t)+F d(t) (15) whereÃ = A − LC and e(t) = x(t) −x(t)
is the state observer-based synchronization error.
We consider system (15) and a given set of admissible disturbance signals D. The effects of the external disturbance on the stability error are minimized using the H ∞ norm of e(t) and ξ(t) with respect to d(t) as
where η > 0 is a positive number andē(t) is the approximation error of e(t).
The H ∞ fractional-order proportional-integral observer design problem presented can be formulated as follows: given the nonlinear fractional-order system (11) and a prescribed level of noise η > 0, find a suitable fractional-order proportionalintegral observer in the form (14) , such that :
1) The fractional-order observer error (15) with d(t) = 0 is asymptotically stable.
2) Under zero initial condition, the induced L 2 norm of the operator from d(t) toē(t) and ξ(t) is less than η.
A. FOPI Observer Design
The following theorem gives sufficient conditions for the fractional-order proportional-integral observer (14) to be stable for d(t) = 0 and to satisfy the optimality condition (16) 
where
1 I + I, and λ 1 is defined in equation (12) and κ > 0 is a given fixed scalar. Then, the error system satisfies the H ∞ performance with given attenuation index η.
Moreover, the proportional and the integral observer gain matrices are given as
with H = Q −1 U and Q = T −1 W . Proof: It follows from Lemma 1 that the fractional-order observer error dynamic system (15) can be written as
and its finite-dimensional approximation can be written as follows
t),ē(t) the approximation of e(t) and Π Φ = Φ(x(t), u(t)) − Φ(x(t), u(t)).
The fractional-order filtered output observer-based synchronization error is equivalent to
and its finite-dimensional approximation is given as follows
t) andξ(t) the approximation of ξ(t).
Let us define the following Lyapunov function as
Taking the derivative of equation (23) yieldṡ
Using the truncated frequency domain and substitute the term e(t) in (24) , one can obtain the following equatioṅ
where κ = max
By using Lemma 2 and (12), we obtain the following inequalitȳ
for any positive number ε 1 .
Substituting (26) into (25), we obtain the following inequalitẏ
Clearly, if
thenV (t) < 0 which implies that the dynamic system (20) is asymptotically stable i.e the approximation errorē(t) and the error e(t) converge to zero asymptotically. Now, we define the H ∞ cost [28] in (16) as follows
Therefore, we have
It follows that a sufficient condition for J ≤ 0 is thaṫ
Using inequalities (28) and (31), the sufficient condition can be written as 
1 P P +κε 1 λ 2 1 I + I, Thus, a sufficient condition for J 0 is that the following inequality be negative definite 
Then,
Using Schur complement, we obtain the following inequal-
The following theorem gives sufficient conditions for the stability of the fractional-order PI observer (14) when d(t) = 0.
Theorem 2: There exists an asymptotically convergent fractional-order proportional-integral observer of the form (14) for d(t) = 0, if there exist matrices P = P T > 0, W = W T > 0, X, V and T > 0 and a positive scalar
where (12) and κ > 0 is a given fixed scalar.
with
We can see that if the LMI (17) of theorem 1 is satisfied then by using the Schur complement we obtain LMI (37) and we have the asymptotic stability for d(t) = 0.
B. Fractional-Order Proportional (FOP) Observer Design
If we are interested in designing the fractional-order proportional observer, then Theorem 1 can be changed into the following.
Theorem 3: If there exist matrices P = P T > 0, X and a positive scalar ε 1 
where (12) and κ > 0 is a given fixed scalar, then the error system satisfies the H ∞ performance with given attenuation index η.
Moreover, the proportional observer gain matrix is given as
Proof: The proof is similar to the proof of Theorem 1, here we omitted it because of page limitation.
V. ROBUSTNESS AGAINST NONLINEAR UNCERTAINTY
The maximization of the Lipschitz constant maintains the proposed observer robust against some Lipschitz nonlinear uncertainty. In this section, a norm-wise bound on the nonlinear uncertainty is derived. This norm-wise analysis provides an upper bound on the Lipschitz constant of the nonlinear uncertainty and the norm of the Jacobian matrix of the corresponding nonlinear function. The robustness against nonlinear uncertainty presented here is similar to the results proposed in [29] − [32] . Subsequently, we briefly mention the results without proof and refer to those references for detailed discussions and alternative bounds.
Assume a nonlinear uncertainty as follows
where Φ ∆ (x(t)) is uncertain nonlinear function and ∆Φ(x(t)) is unknown nonlinear uncertainty. Suppose that
where ∆λ 1 is the Lipschitz constant.
The following theorem gives sufficient conditions for the stability of the robust fractional-order observer error (15) with maximum admissible Lipschitz constant and guarantees also the disturbance attenuation level.
Theorem 4: There exists a robust asymptotically stable adaptive observer of the form (14) with maximum admissible Lipschitz constant λ * 1 , if there exist matrices P = P T > 0, W = W T > 0, X, V and T > 0 and a positive scalar ε 1 > 0 such that
1 I + I, and λ 1 is defined in (12) and κ > 0 is a given fixed scalar. Then, the error system satisfies the H ∞ performance with given attenuation index η.
Once the problem is solved, the proportional and the integral observer gains matrices are given as
The proof is similar to the proof of theorem 1, here we omitted it.
Proposition 1: Suppose that the actual Lipschitz constant of the nonlinear function Φ system is λ 1 and the maximum admissible Lipschitz constant achieved by theorem 4 is λ * 1 . Then, the proposed observer based on theorem 4 can tolerate any additive Lipschitz nonlinear uncertainty with Lipschitz constant ∆λ 1 such that
Proof: Based on Schwartz inequality, we have
According to theorem 4, Φ ∆ (x(t)) can be any Lipschitz nonlinear function with Lipschitz constant less than or equal to λ *
In addition, we have for any continuously differentiable function ∆Φ(x)
where ∂∆Φ ∂x is the Jacobian matrix. Then, ∆Φ(x) can be any additive uncertainty with || ∂∆Φ ∂x
VI. NUMERICAL SIMULATIONS In this section, numerical results illustrate the performance of the robust fractional-order PI observer design. We compare the performance of the fractional-order PI observer and the fractional-order proportional observer and discuss the simulation results for achieving robust synchronization of non-commensurate fractional-order chaotic Lorenz systems. Grigorenko investigated chaotic dynamics of fractional-order Lorenz system and pointed out that fractional-order Lorenz system displays chaotic behavior for fractional-order α ≥ 0.9941 in [33] . Its fractional version with external disturbance is described as follows 
where d(t) = 0.05 sin(60πt) is an external disturbance. The Lorenz system (45) with input disturbance and with integer orders (IO) (α 1 = α 2 = α 3 = 1) and fractional orders (FO) (α 1 = 0.997, α 2 = 0.996 and α 3 = 0.998) has a chaotic attractor as depicted in Fig. 1 where the initial conditions are set to x 0 = 1 1 1 T . 
A. FOPI Observer Versus FPO Observer
We propose to compare the FOPI to the FPO when modeling errors and external disturbance are present in the system (45). that the proposed observer works well. It should be noted that the proposed FOPI observer is robust against modeling errors and external disturbances. The Root mean square (RMS) synchronization errors of FOPI and FOP observers with different differentiation orders have been given in Tables I and  II respectively. It can be clearly seen that the synchronization errors achieve better performance with low order fractional systems for both FOPI and FOP observers. Furthermore, the solution for arbitrary initial conditions has been illustrated in Table III . It can be seen that the synchronization errors achieve better performance with low order fractional systems than the normal one. Consequently, these results indicate that smaller the fractional-order is, better are the synchronization errors.
B. Commensurate Fractional-order (FO) Versus IntegerOrder (IO)
We propose to show how the commensurate fractionalorder α can affect the performance of the synchronization when external disturbance is present in the system (45). Table IV . It can be seen that the fractional-order α affects also the behavior of the commensurate fractional chaotic dynamical systems and the synchronization starts earlier for smaller values of α.
VII. CONCLUSION
A robust FOPI observer-based synchronization has been proposed for nonlinear fractional-order chaotic systems. Sufficient conditions for the convergence of this observer are established in terms of LMI by using an indirect Lyapunov method. The performance of the FOPI observer allows to achieve good filtering properties in presence of modeling errors and external disturbance. The proposed fractional-order PI observed-based synchronization method can be applicable to a large class of fractional-order complex dynamical networks. It is interesting to find that the fractional-order derivatives and the PI observer gains can be well chosen appropriately to adjust the synchronization effects.
